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A thermo-mechanical model of structural phase transitions in solids is 
considered. In this model the fret energy depends on temperature, macroscopic 
deformation, and also on the proportions of the phases. The related initial- 
boundary value problem consists of equilibrium equations for energy and 
momentum coupled with an evolution variational inequality for the phase 
proportions. Fourth-order regularizing terms are neglected in the momentum 
balance equation. Using an approximation-apriori estimates-passage to the limit 
procedure we show the existence of a solution in any dimension of space. % 1992 
Academic Press, Inc. 
1. INTRODUCTION 
The shape memory effect corresponds to a behaviour peculiar to several 
solids, among which there are some metallic alloys and other solid 
materials like polymers. These solids, after a plastic deformation, are able 
to recover their original shape under a suitable thermal treatment, that is, 
when they are heated or cooled. From the physical viewpoint, the shape 
memory effect can be interpreted as an alternation, depending on tem- 
perature and phase composition, between nonlinear constitutive laws 
including discontinuous hysteretic branches (single or multiple at low and 
intermediate temperature, respectively) and smooth monotone constitutive 
laws (at high temperature, above the Curie point) [l, 12, 13, 20, 253. The 
temperature and the mechanical actions modify the phase composition of 
these materials. Usually two phases are distinguished: following the 
metallurgical terminology, the high-temperature phase is called austenite, 
the low-temperature phase is known as martensite, while both phases 
coexist at intermediate temperature (see, e.g., [ 1, 11, 13, 14, 19, 241). 
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At a microscopic scale the shape memory alloys are composed by a lattice 
of crystals in austenitic or martensitic variants. The austenite phase is 
homogeneous and presents higher symmetry, while the martensite phase 
shows less symmetry and is internally twinned, that is, is organized into 
several variants related by symmetry (cf., e.g., [ 1, 11, 20, 2.51). One 
example of austenite-martensite phase transition is the cubic-tetragonal 
transition in Indium-Thallium alloys. Mathematical models taking into 
account the microscopic properties of these materials can be found in [4]. 
Following [ 131, here we deal with a macroscopic scale and suppose that 
the phases coexist at each point with appropriate proportions. Also, in 
order to simplify the presentation, we assume that there exist just two 
low-symmetric variants in the martensite phase, along with a single high- 
symmetric phase. Temperature, macroscopic deformation, and volumetric 
proportions of austenite and martensite phases are regarded as state 
variables: that agrees with the model proposed by Fremond [13, 14, 93 
to study the thermo-mechanical evolution of a three-dimensional shape 
memory body. 
As far as we know, all other phenomenological models of structural 
phase transitions in solids are in one dimension of space and involve free 
energy functionals depending only on the absolute temperature and the 
strain, which is treated as an order parameter (see [3, 20, 22, 27-3 11). On 
the contrary, Frtmond’s model applies to any dimension of space, uses 
simple and well-known expressions for the free energies of the phases, 
and regards the volumetric proportions as thermodynamic quantities. 
Moreover (cf. [ 13, 141) the total free energy is the sum of the weighted free 
energies of the different phases and of a contribution (due to the mixture) 
expressing compatibility conditions for the phase proportions (for some 
examples of mixture free energies we refer to [S, 15, 161). Under the 
assumption of small deformations, the constitutive laws, the equilibrium 
equations, and suitable initial and boundary conditions yield (see [9]) a 
well-posed time-dependent problem coupling balance equations for energy 
and momentum and an evolution variational inequality for the phase 
proportions. Numerical experiments with this problem have been reported 
in [32]. 
In order to account for mechanical actions exerted on surfaces, 
Fremond’s model follows the second gradient theory [17], even if it 
considers the most simple setting, restricting to diagonal components of the 
strain tensor [9]. Nevertheless, this formulation supplies a useful fourth- 
order term in the momentum balance equation: indeed, the presence of 
such a term seems to be of some help in proving existence and uniqueness 
of the solution to the problem [7, 93. As an alternative regularization, if 
one assumes some dissipations for the local proportions of austenite and 
martensite (in particular diffusive effects owing to composition changing in 
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the material), a diffusion term may be introduced in their constitutive law. 
On this subject we refer to [21], where both mentioned regularizations are 
considered in order to deal with two preserved nonlinear coupling terms in 
the energy balance equation. 
In the present work we study the initial-boundary value problem related 
to Fremond’s model in the framework of the classical first gradient theory 
(that is, without fourth-order terms in balance equation for momentum), 
and assuming just linearly viscous dissipation for the phase proportions 
(no diffusion term is taken into account). We follow the original approach 
of [ 131. Recalling first the basic mechanical and thermodynamic equations 
of the model and introducing a variational formulation of the problem, 
then the existence of a solution in any dimension of space is proved by 
approximating the problem, showing apriori estimates, and passing to the 
limit. Apart from the special one-dimensional case treated in [8], the 
question of the uniqueness remains open. 
2. FORMULATION OF THE PROBLEM 
The model of [13, 141 describes the mechanical and thermodynamic 
evolution of a shape memory body located in a subset 52 of RN (N> l), at 
each point x E Sz and at each time t E [0, T]. Let T > 0 be given and let Sz 
be a bounded domain with smooth boundary X?. We set Q := Sz x 10, T[, 
C := dQ x 10, T[. The state variables are the absolute temperature 9, the 
strain tensor E, and the local proportions fll, f12 of the two martensitic 
variants, p3 of the austenite phase. 
Denoting by p the mass density (assumed to be the same constant for 
each phase), the volumetric free energy F of the system is given by 
where Yi, Y2, Yy, are the free energies of the phases and 1, is the indicator 
function of the closed convex set 
(81,P2,83):O~Pi~1fori=1,2,3, i pi=1 (2.2) 
i=l 
namely 1B(/?1,/?2,fi3)=0 if (/?1,j32,/?3)~B, = +cc otherwise. The term 
~$1~ of (2.1) can be interpreted as a mixture free energy. Its basic effect is 
to guarantee that the proportions take physically admissible values, that is, 
values between 0 and 1 and with sum equal to 1 (cf. (2.2)): in fact, these 
conditions ensure that no void can appear and no overlapping can occur 
in the material. 
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We assume that the free energies y/r, Yz, Iy3 of the phases have simple 
and classical representations (cf. [S, 15, 16) too). 
Y,(9,&)= --cO$log9+~sRs-~(9)trr, 
Y2(9, E) = -c,9 log 9 +i ERE + ~(9) tr E, 
Y,(~,E)= -c,,$log9+~ERE-~(9_9*). 
Here tr E denotes the trace of the tensor E (tr s =Cy=, E,~), c,, the heat 
capacity, R the rigidity matrix, $* a critical temperature, 1the specljk heat 
of the austenite-martensite phase transition. Besides the function a 
represents the thermal expansion of the system and vanishes for any tem- 
perature 9 larger than another critical temperature (the so-called Curie 
point) 9, > 9*. For more details about the function a($) we refer to [9]: 
here we generally assume that 
a E W’.=‘(R), (2.3) 
that is, c1 bounded and Lipschitz continuous. 
In order to simplify the expression (2.1), we eliminate b3 = 1 - PI - flz so 
that the variables become independent. Furthermore, we introduce the 
transformed (by a rotation in R*) phase proportions 
XI = (PI •t P*Yfi, x2 = 032 -P1 Yfi. (2.4) 
Then, substituting into (2.1), we obtain the resulting total free energy 
‘J’(9,s,xI,x2)=p -c,910gS+~eRs+&X20z(S)tr.s 
i 
+(v/zxl-l)9* -f-(9-9*)+91, (2.5) 
where I, is the indicator function of the triangle X in the plane (xl, xz) 
(this triangle can be identified with the help of (2.2) and (2.4)). Assuming 
that the behaviour of the system is elastic with respect o the strain tensor 
and linearly viscous with respect to the phase proportions, we have the 
constitutive laws 
(2.6) 
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We also consider the energy balance equation 
e, + div q = pF + g&, in CA (2.7) 
where F represents the distributed heat sources and e the volumetric internal 
energy, defined by 
e= y-92 
a9' (2.8 1 
On account of (2.8), (2.5), and of the Fourier conduction law 
q= -hVt!J (2.9) 
(the constant & denoting the thermal conductivity), from (2.7) it follows that 
$-(c,Y-@x,)-hdS=pF in Q. (2.10) 
In this derivation we have neglected some terms of e, - crsl, retaining only 
the most important ones, namely cOQI and especially 3 f(x,),, 
accountable for the austenite-martensite ransformation. 
According to [9], we treat the case of small deformations and, as usual 
in elasticity, assume the material to be homogeneous and isotropic: then 
RE = i tr EJ+ 2pc; where J denotes the identity matrix in RN and II, p are 
proportional to the Lam& constants. The displacement u = (u,, . . . . uN) and 
the strain tensor E are related by 
&.(U) :=; $+3 ( 1 l ax, for i,j=l,..., N. (2.11) 
Then, recalling (2.5)-(2.6), here the quasi-static equilibrium equations 
(cf. [9]) read 
div(J div uJ+ 211&(u) + 4 a(9) x2J) + G = 0 in Q, (2.12) 
where G represents the volume forces. 
Next, from (2.5)-(2.6) it follows that the constitutive law for the phase 
proportions yields the evolution variational inequality 
0 +az,h X~J~ o [I in Q, (2.13) 
where ZJZ, denotes the subdifferential of the indicator function of X. 
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Now we need suitable boundary and initial conditions for (2.10)-(2.13). 
Before prescribing them, in order to simplify notations we set 
h := hJp, L :=&I, k :=k/(,/ip), e := I/P. (2.14) 
For instance, as boundary conditions we choose 
(2.15) 
uIan=gIan on 2, (2.16) 
where a/& denotes the outward normal derivative on XI. The condition 
(2.15) states that the heat flux is proportional to the difference of tem- 
perature between the interior (9 ian) and the exterior (f) of the system 
(q is a positive constant). By (2.16) the boundary value of the (small) 
displacement is prescribed. Finally the initial conditions are 
9(x, 0) =9”(x), x1(x7 0) =x%3, x2(x, 0) = xi(x) for x E Q. 
(2.17) 
To summarize, this paper is concerned with the problem (2.1Ob(2.17): 9, 
u, x1, x1 are the unknowns, q,, L, h, A, p, k, d, 9*, q are known positive 
constants, c( is a given function satisfying (2.3). Moreover, let now X be an 
arbitrary bounded closed convex subset of R* and let 
K:= {(y,, y2)~(L2(Q))*: (yl, y2)~X a.e. in 52). 
Observe that Kc (L”(i?))2: then there is a constant cX such that 
{lY,(x)l*+ IY2W12P2~Cx fora.e. XEQ tl(y,,y,)~K. (2.18) 
For the other data we assume that 
f-E L’(Q), j-~ wqo, r; F(aq), (2.19) 
GE W”(Q))“, g E LV, r; ( ~‘+(Q)P? (2.20) 
9OE H’(Q), Cxk x;)EK (2.21) 
The last part of the section is devoted to giving a variational formulation 
of problem (2.10)-(2.17) and stating our existence result. To this aim, we 
introduce the following bilinear continuous form on (H l(Q))” x (H1(LI))N: 
a(v, w) := 25, d ivvdiv~+2p~~,~~c~(v)s~(w), 
v, w E (H’(Q))N, 
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and set V := (HA(Q))N. It is well known (cf., e.g., [lo, p. 1151) that, since 
1> 0, p > 0, Korn’s inequality yields the existence of a constant c > 0 such 
that 
4v,v)2c Ilvll: vv E v. (2.22) 
In the following we shall denote by /I .jl and by (., .) the norm and the 
scalar product in L’(Q), respectively. A precise formulation of problem 
(2.10)-(2.17) is stated below. 
Problem (P). Find 9 E H’(0, T; L’(O)) n L5(0, T; H’(O)), u E (L*(Q))“, 
x,, x2 E H’(0, T; L2(Q)) satisfying 
u-geL”(O, T;V), (2.23) 
(X,(‘> t), x2(., t))E K V’t E CO, Tl, (2.24) 
= UT cp) tf4JEff’(Q), (2.25) 
a(u, v) + (& a(9) x2, div v) = IQ G .v b&V, (2.26) 
+ (a(9) div u, x2 - y2) d 0 
a-e. in 10, T[, and such that 
$(A) 0) = l9* a.e. in 52, (2.28) 
X1(.> 0) = KY> x2( ., 0) = XT a.e. in L?. (2.29) 
Remark 1. Here cp la0 denotes precisely the boundary trace of a 
function q EH’(SZ). Observe that (2.20) and (2.23) entail 
UEL~(O, T; (H’(S2))N), so that (2.26) and (2.27) make sense (see (2.3) 
too). Finally, from 9, x1, x2 E C”( [IO, T]; L2(Q)) and (2.21) it follows that 
(2.28) and (2.29) have a meaning. 
Here is the main result, whose proof is the subject of the next section. 
THEOREM. There exists at least one solution 9, u, x1, x2 of Pvobfem (P). 
Moreover uEL”(O, T;(W’-p(12))N)for anypE[l, +co[. 
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3. PROOF OF THE THEOREM 
The first part of the proof consists in approximating Problem (P). To 
this end, for any n EN we introduce the bounded and Lipschitz continuous 
real function 
i,(t) :=max{ --n, mm{& n>} VCER. (3.1) 
Problem (P,). Find QE H’(0, T;,!,‘(Q)) n L”(0, T;H’(Q)), II E (L’(Q))“, 
x,, x2 E H’(0, T; L’(Q)) satisfying (2.23k(2.26), 
+ (49) i,(div u), x2 - y2) < 0 WI? Y*)EK (3.2) 
a.e. in ] 0, T[, and such that (2.28)(2.29) hold. 
PROPOSITION 1. Problem (P,) has one and only one solution. 
ProoJ We shall apply the Contraction Mapping Principle step by step 
in time: as every time interval will have the same length 6 E IO, T] (to 
be specified later), we shall get the existence and the uniqueness of the 
solution in the whole interval [0, T]. Take then any r E [0, T[ and assume 
that the solution 0, U, X,, 3, of Problem (P,) in [0, r] is known. We 
introduce the space 
Y, := L’(r, r + 6; (L2(Q))*) (3.3) 
and the closed convex set 
x,:={(cp,y2)EY,:ly2(x,t)l,<c,fora.e.(x,t)E52x]r,r+6[}, (3.4) 
where the constant cX is defined by (2.18). We shall find an operator 
A,: X, + X, that is a contraction mapping in Y, provided 6 is sufficiently 
small. 
Let us outline the procedure to define A,. For any ($, i2) E X, we sub- 
stitute 9, x2 with 5, j2 in (2.26) and we look for the solution u = B,($ j2) 
of (2.23) and (2.26) in ]r, r + 6 [. Then, using II and 3 (instead of 9) we 
find the pair (xl, x2) = (Dj(u, s), Dz(u, 5)) solving (2.24) (3.2), and 
x1(-, r) = X,(., r), x2( ., r) = $X2( ., r) a.e. in 52. (3.5) 
Finally we put x, into (2.25): let $=E,(x,) be the solution of (2.25) and 
&.,r)=O(.,r) a.e. in Sz. (3.6) 
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Concerning (3.5)-(3.6) we recall that 0, X,, XI E C”( [0, r]; L’(Q)). 
Observe also that (9, x2)=,4,($ i2) belongs to A’, since (x,, x2) satisfies 
(2.24) (cf. (2.18) and (3.4)). 
Now we are going to detail the above argument and show the contrac- 
tion properties of A,. The symbol 11. II6 will be utilized to denote the norm 
in the space L2(r, r + 6; L2(f2)). 
Step 1. Making use of the Lax-Milgram Lemma (cf., e.g., [26]), it 
is straightforward to see that from (2.22), (2.3), and (2.20) it follows that 
for any (5, &) E Y, there exists one and only one i? E Lm(r, r + 6; V) 
satisfying 
a(ti, v) + (,,h ~(8) f2, div v) = -a(g, v) + [D G .v VVEV, (3.7) 
a.e. in ]r, r + 6 [. Then u = B,(& i2) E L”(r, r + 6; (H’(Q))N) is uniquely 
determined by u = % + g (cf. (2.23) and (2.26)). Next, we write (3.7) also for 
the data (8, f2) and the solution ti, take the difference, choose v = 6 - ti, 
and integrate in time. Taking into account (2.22), we have 
s 
i-f6 
IIt%-fi)(., Glltdt 
r 
{(LX($) - ~(9”)) f2 + a(g)(i2 - j2)} div(ti - i%). 
Hence, estimating the right hand side with the help of (2.3) and (3.4), 
we obtain that there is a constant Cr, depending only on c, cx, and 
llall W1.9(R), such that 
/IdivW(~, L)-B,(& i2))ll~< C,{llJ- hi+ lIi2 -i,lli> (3.8) 
for any pair (5, t2), ($, iZ) E X,. 
Step 2. One can easily prove (see, e.g., [6] or [23]) that for any 
ti E L’(r, r + 6; (H’(zS))~), $E L’(r, r + 6; L’(Q)) there exists a unique pair 
x, = Df($ g), xZ =Dj!(fi, 5) satisfying xl2 x2 E H’(r, r + 6; L2(Q)), (2.24), 
(3.5), and (3.2) with u, 9 replaced by fi, 9. Moreover, since (cf. (2.3) and 
(3.1)) 
II i,(div fi) - a(@ i,(div fi))( ., [Ill 
6n II(4&4~))(., t)ll + II~Il,=(R) Il(dW-Q))(., t)ll (3.9) 
for a.e. t E ] r, r + 6 [, it is not difficult to show (see also [9]) that there is 
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a constant Cz, depending only on k, e, llolll Wl.u(RJ and blowing up with n, 
such that 
i$* Ilwi 9”) - @@> @II ii 1 <C,6’fIldiv(Q-n)//~+ j/~-s//~} (3.10) 
for any ti, ii~ L*(r, r+ 6; (H’(Q))Q J, 8E L’(r, r + 6; L*(Q)). 
Step 3. It is a standard matter to see (cf., e.g., [S]) that for any 
ii eH’(r, r+6; L*(R)) there exists one and only one $=E,(~,)E 
H’(r, r + 6; L2(i2)) A LCC(r, r + 6; H’(Q)) satisfying (3.6) and (2.25) (where 
x, is replaced by j, ) a.e. in ] r, r + 6 [. Moreover (see, e.g., [7, Lemma 1 ] ) 
there is a constant C,, depending only on c,,, L, such that for any j,, f, E 
H’(r, r + 6; L*(n)) one has 
II~,(~,)-E,(~,)II~~C, IIf, -i,ll,:. (3.11) 
Step 4. Let the operator A, be defined by 
A,(% 22) = bW:@,(& i2L s”)X D,2(B,(& i2h &I, 
where the operators B,, Di, Df , E, h ave been introduced in the previous 
steps. Then from (3.8), (3.10), and (3.11) it follows that 
llAr(& i2) - A,(9^, id;, 6 C=ad2 II& 22) - (4, i2)11;, (3.12) 
for any ($, j2), (4, i2) E X,, where, for instance, C, = C,( 1 + C,) 
max{l, C,>. Choosing, e.g., 6= l/&, by (3.12) we conclude that A, is 
a contraction mapping in Y,: therefore A, has a unique fixed point 
belonging to X,. Since 6 does not depend on r, there exists one and only 
one solution of Problem (P,) in [0, T] and the proposition is completely 
proved. 
Remark 2. Observe that the constant C,, as well as C,, goes to infinity 
as n /1 co (cf. (3.9)). Nevertheless, in one dimension of space (see [a]) the 
above argument can be applied successfully to solve Problem (P). Indeed, 
from (2.3), (2.18), (2.24) it follows that the solution u of (2.23), (2.26) 
satisfies div u E L”(Q) and then the nonlinear term cr(9) div u of (2.27) 
is treated without difficulties. In the multi-dimensional case, without 
regularizing terms in (2.12) (see [9] for a comparison), it is no longer clear 
whether div u E L”(Q). 
The next statement collects some estimates concerning the solution of 
Problem (P,). After proving these a priori estimates, we shall be able to 
pass to the limit as n goes to infinity. 
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PROPOSITION 2. For any n E N let $,, II,, x,,,, xzn be the solution of 
Problem (P,). There exists a constant C,, independent of n, such that 
119 /I n H’(O,T;L~(~))nL~(O,T;H’(R)) + llu,llL”(O,T:(H’(S2))~~) 
+ C IIXinllH1~0,T;L2~~))nL~(P) 6 c5. (3.13) 
i= I 
Moreover for any p E [ 1, + CO [ there is a constant cp, independent of n, such 
that 
llunll L’(O,T;( W’.P(a))N) G cp. (3.14) 
Proof Here we use the conditions and equations (2.23)-(2.26), (2.28)- 
(2.29), (3.2) with 9, u, x,, x2 systematically replaced by $,, u,, xln, xzn. 
First we take v=u, -g in (2.26) and, using (2.3), (2.18), (2.20), (2.22), we 
obtain that there is a constant C,, depending only on 8, c, cX, llallLz,RJ, 
IIGII Lyo,T;(L*(n))N)> and llgll Lm(o, r;(H~(n))~)y such that 
II (&I - fa .? t)llv G G a.e. in 10, T[, Vn E N. 
Hence, as in V the norm 1). /Iv is equivalent to the norm )I. II~HL~RjY~ (see, 
e.g., [26]), we have that 
Ilunll L30(0, T;(H’(R))  N is bounded independently of n. (3.15) 
By means of (2.3), (2.21), and (3.1), from (3.2) and (2.29) it follows that 
(cf. [I& P. 731) 
++)~~2ds&!2 j’ ~~(9,-9*)(~,s)~~2ds 
0 
+ t Ilal12,m~,~ Ildiv u,II~~~~,~;~z~~~~ (3.16) 
for any t E [0, T]. In order to prove the next estimate (regarding 9,), some 
regularization (for instance, a time-discretization) of (2.25) is required. 
Provided that (cf., e.g., [23]), we can take cp = ($,), in (2.25), then 
integrate in time from 0 to t E [0, T] using (2.28). Estimating the right 
hand side with the help of (2.19), also integrating by parts the term 
containing f, we obtain 
? j; 11(&J, (., s)l12ds+; jD IV%(., t)12+; lPnIan(.~ t)lltqaa, 
(3.17) 
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for any TV [0, T], where the constant C, depends on a, cO, h, q, Il,9°11Hl~n,, 
IIFII L.*(Q)’ and II f llcq[o,T,;L*(m)). Making use of (3.16) to estimate the right 
hand side of (3.17) and then applying the Gronwall Lemma (see, e.g., [6]) 
to the resulting inequality, by (3.15) we deduce that 
119 II n H’(o.T;L*(n))nLI(O.T;H’(n)) is bounded independently of n. (3.18) 
Finally, by (3.15) and (3.18), the right hand side of (3.16) is bounded inde- 
pendently of n: thus, also by (2.18) and (2.24), we get (3.13). In order to 
show the second part of the statement, we remark that, owing to (2.26), II, 
solves the system of equations (cf. (2.12)) 
div(E, div u,J+ 2ps(u,,)) 
= -,,h div(cr(9,) xz,,J) -G in (W(Q))“, (3.19) 
along with the boundary condition (2.23). Since the right hand side of 
(3.19) is bounded in L”(0, T; ( W-‘,“(S2))N) independently of n (see (2.3) 
(2.18), and (2.20)) and g EL”(O, T; ( W’,m(Q))N), the estimate (3.14) 
follows, for instance, from the regularity results of [26,2] combined with 
the general theory of [18] for linear elliptic systems. 
By (3.13)-( 3.14) we can take subsequences, till denoted by the index n, 
such that L u,, xln, x2,, weakly star converge in the corresponding spaces. 
In fact, it is not difficult to check that there exists u such that u, -+ u weakly 
star in L”(0, T; ( W’,p(n))N) for any p E [l, + cc [. In order to conclude 
the proof of the theorem, we are going to show that any weak star limit of 
sequences of approximating solutions yields one solution of Problem (P). 
PROPOSITION 3. Let 9, u, x,, x2 be such that there is a subsequence 
{$,,, II,,, xl,,, x2,,} of solutions of Problem (P,) satisfying 
9, + 9 weakly star in H’(0, T; L’(Q)) n L”(0, T; H’(Q)), (3.20) 
II, + u weakly star in L”(0, T; ( W’~p(12))“) VIE [l, +oo [, (3.21) 
xin + xi weakly star in H’(0, C L*(a)) n Lm(Q) for i= 1, 2, (3.22) 
as n /* co. Then 9, u, x,, x2 is a solution of Problem (P). 
Proof: On account of (3.20) and (3.22) it is easy to see that 9, x,, xz 
satisfy (2.25), (2.28), and (2.29). Besides, the condition (2.24) is verified 
since the convex set K is closed also with respect to the weak topology of 
(L’(a))‘. By (3.21) we infer that u fullils (2.23). Next, owing to the com- 
pact embedding theorems for the Sobolev space H’(Q) (cf., e.g., [26]), 
from (3.20) it follows that 
9, -+ 9 strongly in Ly( Q) 4 E P, 4* c, (3.23) 
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whereq*= +cc ifN=l,q*=2+4/(N-l)ifN>l.Also, becauseofthe 
Lipschitz continuity of TV (cf. (2.3)) we have that 
CL( 9,) + ct( 9) strongly in Ly( Q) (3.24) 
By (3.22) and (3.24) we deduce that ~(9,) xzn + ~((9) x2 weakly in L’(Q): 
then (see (3.21) too) u, 9, x2 satisfy (2.26). It remains to prove that, taking 
the limit in 
VY, , y2) E K a.e. in IO, TC, 
or in some equivalent form of this inequality, we get (2.27): to this end, we 
shall prove that xln, xZn, div u, strongly, converge to xi, x2, div u in 
suitable spaces. First, we write (3.25) also for another index m: then, as test 
functions in these inequalities, we take yi = xjm and yi = xin (i = 1, 2) respec- 
tively. Next, we sum up and integrate in time taking into account that both 
xi,, and xim satisfy (2.29). Since for any t E [0, T] we have (cf. the definition 
(3.1) of in) 
s ; I(4%) in(d iv u,) - 4sm) Mdiv urn), ~2” - x2,)( .t $11 ds 
6 II4 L’(R) s ’ Ildiv(u, - u,J( .2 ~111 Il(x2, -x2,)(., s)ll ds 0 
+ IW u,II L=(o, TzL~(R)) j : ll(49,) - 4Kn))( .Y s)ll Lyn) 
x Il(x2, -x2,)( .) s)ll ds 
for some q E ] 2, q* [ and p = 2q/(q - 2) by (2.3) and (3.14) we obtain that 
there is a constant C8, depending only on /, Jltl(l Wl,r(Rj, and c,, such that 
5 .t Il(Xin-Xh)(‘? f)l12 
,=l 
Q cg 
i 
; ll(~,,-~mN., ~111 ll(x,n-xd.> ~111 ds
+ C, j; { IId’ ( 1vu,- u,)(., s)ll + ll(9,- %J(.T dIILw2J 
x II(x2, - x2mN .) s)ll ds (3.26) 
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for any TV [0, T]. Now, arguing as in the proof of (3.8), it is 
straightforward to show that 
IkWu, - u,)( .y s)ll* 
d c,{llck ~rA.9 s)ll’+ II(X*n-X2A.r 4112} (3.27) 
for a.e. SE 10, T[, with the same constant C,. From (3.26) and (3.27) it 
follows that there is a constant C,, depending on k, C,, C,, such that 
,$, Il(Xin-Xh)(‘9 t)l12 
< c, SC iif, II(Xi~-Xi~)(‘~s)I12ds 
+jT(ll(~,-~,)(.,s)llt,,,,+ 11CL-~,)(~,~)ll*} ds vt E [O, T]. 
0 
Hence, by the Holder Inequality in space and time and the Gronwall 
Lemma, 
,$, II(Xin-Xim)(‘3 f)l12~CI0 IISn-9mll~qQ~ VtE [0, Z-1, (3.28) 
for some constant C,, depending on T, 52, q, and C,. From (3.28) and 
(3.23) we deduce that xin is a Cauchy sequence and then, on account of 
(3.22), 
xin + xi strongly in C”( [0, T]; L*(Q)) for i=l,2. (3.29) 
Moreover, using (3.23) and (3.29), by (3.27) and (3.21) we have that 
div u, + div u strongly in L*(Q). (3.30) 
As (cf. (3.1)) 
s.i oT RILAd lvu,)-divul* 
<2 { li,(div u,) - i,(div u)l* + l[,(div u) - div uI } 
<2 ldivu,-divu12+2jTj 
0 Rn{ldivul>n} ldivU12’ 
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from (3.30) it follows that 
[,(div u,) -+ div u strongly in Z,‘(Q). (3.31) 
By means of (3.22)-(3.25), (3.29), and (3.31) we infer that 9, u, x, , x2 
satisfy (3.27) so that the proposition is compietely proved. 
Remark 3. Assume that 9 E L’(Q) is known and consider the problem 
(related to structural phase transitions in metals at a given temperature [S, 
12, 151) of finding UE (L’(Q))” and x1, x2 E H ‘(0, T, I,‘(&?)) satisfying 
(2.23)-(2.24), (2.26)-(2.27), (2.29). Then it is not difficult to check (cf. the 
proof of Proposition 3) that there exists a unique solution of this problem. 
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